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ABSTRACT

The main goal of this research is to model a flexible missile with structural

flexibility utilizing the Equivalent Rigid Link System (ERLS) with an enhanced

natural mode discretization. Dynamic analysis of the flexible missile in

2-Dimension motion is presented.

Computer simulation is performed where the pitch angle of the missile is

controlled with a Tigid-body controller. The effects of increasing payloads and

speed to the system performance are discussed.
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THESIS DISCLAIMER

The reader is cautioned that computer programs developed in this research

may not have been exercised for all cases of interest. While every effort has been

made, within the time available, to ensure that the programs are free of compu-

tational and logic errors, they cannot be considered validated. Any application

of these programs without additional verification is at the risk of the user.
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I. INTRODUCTION

A. BACKGROUND

With the introduction of long slender missiles such as the Vanguard, the

Redstone, and various ballistic missiles, the problem of the structural fleyibility

became severe [Ref. 1]. Due to the limited thrust available from rocket engines,

these missiles had to be as light as possible.This meant a sacrifice in structural

rigidity.

Missile flexure causes additional aerodynamic loads which in turn cause ad-

ditional flexure. Coupling occurs between the elastic modes and the control sys-

tem as the control system gyros sense the flexure motion and the rigid body

motion. It has become necessary to actively control the flexible structure and

thereby reduce the structural loads and improve the vehicle response such as po-

sition, velocity and acceleration. Reduced structural loads will also offer potential

for reduced bending stress and fatigue problems.

The objective of this thesis is to develop a dynamic model for a flexible missile

and study the dynamic behavior of the flexible missile. Simulation is a valuable

tool in the design of new missile systems and in the modification or evaluation

of existing systems. A missile simulation allows the engineer to evaluate his design

without the expense of actually building and flying the actual missile. System

dynamics can be investigated through simulation with a substantial sa.ings in

time and expense [Ref. 21].

B. LITERATURE REVIEW

Flexible missile modeling centers on the relationship between the large, rigid-

body motion and the small motions due to structural flexibility.

Jenkins [Ref. 2] expresses some techniques used in deriving the equati,,;ýIs of

motion of a rigid missile for a six degree-of-freedom (6-DOF) simulation. The

rigid missiles are characterized by their larger size and low ratio of payload to

total weight. Rigid missile dynamic equations were de\eloped using the

Newton-Euler Method. The moments and forces along with the mass and ,o-



ments of inertia are assumed to be known in the body coordinate frame. The

transformation between global'and local coordinate frame is achieved with a

non-homogenous coordinate transformation matrix [Ref. 3: pp. 342]. The result-

ing rigid-body equations of motion producee the understanding for the derivation

of the dynamic equations of the flexible missile.

The Equivalent Rigid Link System [Ref. 4] describes the large-motion

kinematics of the system by the ERLS motion and the small motion relative to

the ERLS. The application of the finite element techniques and Lagrangian dy-

namics produces two sets of coupled, nonlinear, ordinary differential equations

of motion, of which one set is for the large motions and the other set for the small

motions. The small motion is described by the superposition of vibration modes.

The modes of the vibration of the flexible bar was derived with the simple-beam

theory [Ref. 5: pp.221]. In simple beam theory, it is assumed thai the rotation of

the element is insignificant compared to the vertical translation and the shear

deformation is small relative to the bending deformation. This assumption is valid

if the ratio between the length of the bar and its height is relatively large (more

than 10). The set of large motion equations are non-linear in both the large and

small motion variables while the set of small motion equations are linear in the

small motion variable and non-linear in the large motion variables. A solution

technique called the Sequential Integration Method [Ref. 6] was developed which

allows efficient simulations of systems with inertia coupled motions having non-

linear slow motion (large motion) with linear fast motion (small motion). The

ERLS model presents a complete, efficient dynamic model able to describe large

motion, small motion and their coupling.

An ERLS model of a flexible spacecraft boom was developed and a computer

simulation was performed [Ref. 7]. The equations of motion were sol,,ed using

the Sequential Integration Method. A spatial finite discretization of the boom

structure and the application of an assumed polynomial modal response were

utiliz l in the approximate solution to the equations of motion. This work was

the basis work for the modeling of the fle'ible missiles.



Ganon [Ref. 8] performed an experimental validation of the ERLS dynamic
model in a vertical plane motion. The small motion was modeled using a shape

matrix derived from superposition of natural modes. The agreement between the

simulation results and the experimental results justify the application of the

ERLS using a natural-mode shape matrix to model the dynamic response of

flexible missile.

C. OUTLINE

In this study, the ERLS dynamic model is used to derive the system equations

of motion for a flexible missile in 2-D motion. Dynamic response is predicted by
solving the equations of motion using the Sequential Integration Method. The

application of an assumed natural mode shape and the spatial finite element

discretization of the missile provide an approximate solution. Computer simu-

lation for the flexible missile is performed using NIATLAB on the MACINTOSH
computer. A rigid body controller is included in the simulation to control the

pitch angle of the flexible missile.

The ERLS dynamic model of the flexible missile is presented in Chapter Two.

A rigid body controller for the flexible missile is described in Chapter Three. The

computer simulation methodology and simulation results are presented in Chap-

ter Four. The conclusions and recommendations for future work are presented

in Chapter Five.
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I1. MODEL FORMULATION FOR A FLEXIBLE MISSILE

A. KINEMATICS

In our model, 2-13 inertial reference frame, i.e., X and Y, is used for the global

motion as shown in Fig.lI. The body-fixed coordinate frame, i.e., x and y, is so.-

lected to describe the missile local motion.

yx

x=Local x axisI___________________y=Local y axis
X-Global X axis

X Y=Global Y axisI _________________________________________ _ __ _ __ _ __ _L-M isslie Length

D=Misslle Diameter

Figure 1. The general configuradon ofl(tie missile

The following assumptions were made for the flexible missile:

(1) Material density is constant throughout the body and the steel was chesen

for modeling.

(2) A uniform circular cross section i-1 assumed.

The geometric configuration param.-ters and rnatcrinl properties of the flcxi-

bic missile are listed as

4



Diameter '-0. 12 meter

Length -=4.0 meter

Material Density-786 1.05 kg/rn 3

Young's Modulus -2.0 x 10"1 pascal
The concept of the ERLS is applied :o model the kinematics of flexible mis-

sile. The main idea of the Equivalent Rigid Link System (Fig.2) is to separate thc
kinematics of the flexible body into large and small motions.

rv(O) = Missile Base Deflection

v(L) = Missile Tip Deflection
Q( L) = Missile TIP Slope.

Y R = Global Position Vector
of Missile Base

RO= Absolute Position Vectot
of the base of ERLS

r =Local Poslt~on Vector

d =Deformrttion Vector

- = Equivalent Rigid Link

- = Thoeoetical Missile
P'osition

x

Figure 2. Equivalent Rigid Link System (ERIS)
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The large motion of the missile will be represented by missile base position in

X direction X0, missile base position in Y direction YO, and missile pitch angle 0.

The small motions resulting from flexible motion are measured relative to the lo-

cal coordinate frame x, y. v(O) and 0(0) are the nodal displacement ano slope

of the missile base iespectively. The absolute (global) position of a point on the

flexible missile is obtained from coordinate transformations. The global position

(R) of any point position can be defined using ERLS in terms of a iocal position

vector (i), a deformation vector (d), and a coordinate transformation matrix (W),
i i.e.,

R= W(7-+d) (2- I)

The transformation matrix (W) between the large motion and small motion co-

ordinate is

[1 0 01
W= A'o cos(C) sin(O) (2 -- 2)

0Yo sin(O) cos(O)

and the local rigid body position vector is

x (2 -3)

The deformation vector (d) is expressed in terms of a nodal displacement

vector U and a shape function 0 as

d=, U (2-4)

where

U== [v(O) D(0 )]T (2 5)

6



"The shape function 0 was derived utilizing a natural-mode superposition and

a finite element concept. The Finite Element Method (FEM) was utilized to

discretize the flexible body displacerments and assigning the nodes. Displacements

are for each pcint along the missile, a function of location and time, and it is

necessary to discretize the deformations to obtain an ordinary differential

equation. The natural mode shape function of a beam is used to represent the

flexural motion of the flexible missile. Only the first two mode shapes are used.

The flexible missile is modeled as a continuous Euler-Bernoulli free-free beam,

neglecting shear deformation and rotary inertia effects. The nodal points are the

base points of the flexible missile. Appendix A shows the mode shape function

derivation. In this case, 0 is found as,

0 0 (2-6)

where a and b are defined as following,

a = Fl(C1 ( cos flhx + cosh fllx) + ( sin ,qlx + sinh fllx))

. F3(C2( cos fl2x + cosh f2x) + ( sin fl2x + sinh fl/x)) (2 -- 7)

1, -= F,2(Cl( cos /31x + cosh fl#x) + ( sin 111x + sinh /ll.x))

+ F4 (C2( cos 92x + cosh fl2x) + ( sin #32x + sinh fPx)) (2 - 8)

Lagrangian dynamics i! used to acquire the equations of' motion aind the

kinetic energy of the system will be needed in the development of the Lagrangian

expression. The absolute velocity is listed as follows,

R = I••( + d) 4- Wd (2- 9)



B. KINETICS

Lagrangian Dynamics is a systematic way to derive equations of motion for

complex systems like flexible missiles. Lagrange's equation is written as,

d 3KE 8KE OPE
d- 4 ( K ) M +q aqi = Qi (i = 1,2,...,n) (2- 10)

where

K.E. - Kinetic Energy

P.E. = Potential Energy

q -- Generalized coordinates

Q = Generalized forces

n = Number of degrees of freedom

The generalized coordinates are chosen to be,

i=[X0 yo0 0 v(0) 'D(0)]T (2-11)

The kinetic energy of the system is defined as follows,

K.E. f FTdm (2- 12)
2

By substituting Eq.(2-1) into Eq. (2-12), the kinetic energy is written as

KE =2 'f ,r /p + 2rT ,ITW + 2rT"WT w4,u

+ 6T)TwjT w( + 2±UTdpTpTWw + WTUU TWrWOUT)dm (2- 13)

The potential energy of the system includes the strain energy of the flexible

missile and the gravitational potential energy.

P.E. =-_- JTrTcr~dx - JR~jn (2- 14)

8



where

F = Spatial derivative of the shape function

C - Rigidity Matrix

, Gravitational acceleration vector

Appendix B includes the development of the equations of motions using

l.agrange equations.

Generalized forces will be found by virtual work principle. It is assumed that

the only force is the thrust force which is applied to the base of the flexible missile
as shown in Fig.3. Other forces like aerodynamic and damping forces are neg-

lccted.

y
Equivalent Rigid Link,

System

Theoretical Missile
Position

T Applied Force

(ZO(OX

\~Ty

Figure 3. Applied Forces on Flexible Missile

T alhrust force is composed of two components i.e.,

Tx = Tcos(b5 + (D(O)) (2- 15)

9



Ty = Tsin(b + ((0)) (2- 16)

and ,' mcment applicd on tie missile is,

M0 = -Tcos(b + •(0))v(O) (2- 17)

By applying virtual work principle, the generalized forces of flexible missile is

found below.

Tcos(0) - T6 sin(O) - TD(0) sin(O)1

Ft = Tsin(0) + T6 cos(0) +TO(0) cos(0) (2- 18)

[ -~Tv(0)J

S=[T + T,(o)]-Tv(O) ] (2-19)

where

T= Force

6 = Control Angle being assumed small

F= Large motion generalized force vector

F• =Small motion generalized force vector

Appendix C shows the derivation of the generalized forces using the Virtual

Work Principle.

The derivation of the equations of motion from the Lagrangian formulation

yields two sets of coupled equations. One set describes the large motions and the

another set describes the small motions. These two sets of equations are non-

linear, coupled, second-order, ordinary differential equations of the form,

Mqq + Mqn U = Fq (2-20)

10



Mnq"• + Mnn U + Gn + Kn U = Fn (2-21)

where:

Mvqq 3 x 3 effective inertia matrix for large motions

Mq,- 3 x 2 coupled inertia matrix Gf the small motion effect on large

motions

Fq 3 x I load vector for the large motions

M.q 2 x 3 coupled inertia matrix of the large motion effect on small

motions

MVf., -2 x 2 effective inertia matrix for small motions

G, 2 x 2 gyroscopic matrix

K, a 2 x 2 stiffness matrix

F• = 2 x I load vector for the small motions

3 x I vector, generalized coordinates of the large motions

U 2 x I vector, generalized coordinates of the small motions

The detailed development of the equations of motion and definitions of the terms

are described in Appendix B.

iI



Hil. THE DEVELOPMENT OF A RIGID-BODY CONTROLLER

In our research, the controlier is developed based on the rigid-body assump-

tion. The purpose of including the rigid-body controller is to perform computer

simulation and study the dynamic behavior of the flexible missile. The oitch an-

gic of the missile is controlled by the rigid-body controller which is a single input

s.ngle output (SISO) controller. A general configuration of the flexible missile

and rigid-body cuntroiler are shown in Fig.4.

(01) (2)

Desired Error (P)
Pitch Signal JControl j Pitch

AniRigid-Body Angle Flexible Angle
Controller (8) Missile

Figure 4. The flexible missile with rigid-body cGntroller

The pitch angle is the control variable and the desired states are desired pitch

angle 0 d, desired angular velocity 0 d, and desired angular acceleration 0 d. The

control angle (b) is assumed small.

The desired error funct.on is defined as

i+ Ki + Kt=6 (3- 1)

where,

12



Kp = The position fe-dback gain.

K, = The velocity f:edback gain.

0 - 0d = The crror in the position.

= 0 - 0 = The Zrror in velocity.

= 0 - 0, = The error in acceleration.

Tihe control desit, begins with the equation of rigid-body (large motion) that

is obtained by modifying and expanding Eq.(2-20) as

IViI I[hhi±2V1 (3-2)
"[ t21 22 ý2 [Jf 5[

Where,

q11 q=(l,) Aqq(,, 2 ) (3 - 3)

-Mlqq(2,I) ]fqq(2,2)J

M12 = [Mqq(1,3) (3 -4)

[121 = EMqq(3,1) Mqq( 3 ,2 )] (3 - 5)

""f22 =[Mqq(3,3)] (3 - 6)

'11 xO (3- 7)

2714[1 (3 - 8)

f = Gravity, centrifugal and coriolis forces.

f2 =Gravity, centrifugal and coriolis forces.

13



, [Tsin(O)] (39)

[Tcsn(O)]

h2 = [0o]

[-Tsin(O)1 (3- 1C)

T cos(O) J

b2 = [0]

Eq.(3-2) can be rewritten in a tensor form as

MHl~ 4- M1132 =.71 + W, + Wb3 (3-I11)

M 21?11 + M'122V2 =f2 (3 - 12)

From Eq.(3-! 1),

l= NIVi'fl + + b15- M12? 2 ] (3 - 13)

Substituting Eq.(3-13) into Eq.(3-12), we find,

A F- B6 (3 - 14)

Where,

A = M22 - M2 1MjII' 12  (3 - 15)

F =' : -- fiMiYL + h,](3 - 16)

Pzt.f•,V-/fI 1  (3 17)

14



Eq.(3-1) can be rewritten as

(0 - Od) + Kv(O - Od) + Kp(O - Od) = 0 (3- 18)

By substituting Eq.(3-14) into Eq.(3-18), we find the control angle (6)

S---B-'[A(Od - K,(& - Od) - Kp(0 - 0 d)) -F] (3- 19)

The control angle (3) is a function of the pitch angle (0) , desired pitch angle

(0d), angular velocity (0), desired angular velocity (0d), desired angular acceler-

ation (Od), the position feedback gain /p , the veiocity feedback gain K,, and the

matrices i.e., A, B, F. Since the thrust force T is included in F and B, the mug-

nitude of the thrust force will thus affect the control angle 6 . K, and KP are ad-

justable to obtain the desired response of the pitch angle 0.

15



IV. COMPUTER SIMULATiON

A. "IMULATION OBJECTIVES

In literature, the application of fbrces ras been limited to gravity, aevi dyn.--

mic forces and thrust [Ref. 2]. No damping has been implemented. The thrust

and aerodynamic forces can be found fairly accurately with standard test and

design procedures such as static firings to obtain thrust versus time profiles for

the engine and wind tunnel measurements to determine the aerodynamic forces.

Gravitational forces can be calculated from the knowiedge of the missile's posi-

tion relative to the earth. The mass including fuel can be estimated from know-

ledge of the missile's weight before and after burnout (from the measurements),

and by using a mathematical relationship (often linear) for the decrease in missile

mass over the engine burntime.

In this work, the missile's weight is assumed constant and the aerodynamic

forces are zero The deformations resulting from the structural flexibility have

been assumed small and small control angle assumptions are use( in the rigid-

body controller design.
The primary purposc of this study is to complete tie simulation of the flexible

missile in 2-D motion, where the bending effect is considcred to be the only flex-

ibilitv source and a rigid-body controller as de\eloped in tme last section is in-

cluded.

B. SOLUTION TECHNIQUE

Many numerical integration techniques can te applied in the solution of the

equations of the motion. The main consideration in the selection of the inte-

gration technique is the size of the time step necessaiy to integrate the equations

of miotions wýith numerical accuracy and stability.

The type of the equations of motion (2-20, 2-21) in this research permi'ts the

application of the Sequential Integration Method [Ref. 0]. The linear equ,:,tions

of small motions are integrated implicitly and the large motion ,olutions are ob-

tained using explicit integration method. The implicit methods are effective f'ur

!6



linear systems with high frequencies and the explicit methods are effective for

solving nonlinear systems with low fre~quencies. The implicit method is especially

effective for linear systems having a wide range of frequencies of which only the

lower frequencies are excited. The size of the time step need only be chosen to

make th: solution of the excited modes sufficiently accurate. Explicit methods

are effective for large scale systems with low frequencies. Because of the low fre-

quencies, the size of the time step that we choose -r stability need not be small.

In addition, the explicit method does not n;cd iterative procedures, which are

time consuming for non-linear systems.

C. THE COMPUTER SIMULATION CODE

A high level computer language, i.e., MATLAB, was chosen to simulate the

missile system. The MATLAB was designed for matrix operations. The simu-

lation code was developed with modular MAILAB routines.

The simulation code can be divided into three levels : LEVEL I (an overview)

separates the code into primary portions of INITIALIZATION, PLANT DE-

SCRIPTION, INTEGRATION, SYSTEM CONTROL and OUTPUT. LEVEL

2 facilitates several subroutines for LEVEL 1. A listing of MATLAB routines

required for manipulation in LEVEL 2 is placed in LEVEL 3.

D. SIMULATION RESULTS

The computer simulation was performed with variable parameters which de-

termine missile speed and controller bandwidth. These parameters include force

T, K, and KA.

The simulation outputs will be presented in large motions, small motions and

control angle. The large motions are X0, )' and 0 and the small motions are v(O)

and 0(0). The initial condiLion for all runs was the pitch angle of 45*. The sim-

ulation work was divided into two areas. First a simulation was performed for

the rigid missile using the rigid-body controiler. These results were used as a

baseline for comparison with the results of the flexible missile using the rigid.body

controller system. Second a simulation was performed for the flexible missile and

rigid-body controller system. Only the trajectory control will be discussed in the
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analyze of the dynamics of the flexible missile. The desired trajectory was speci-

fied as

L 450 when 0.I 1; t <0.1 I

0-- 450-- 112.5t when 0.1 •t<0.44

0 when t 1 0.4 J
The control angle Is assumed to be lilmited to +/.10 degrees (smalU angle).

This restrictionr puts a saturation line to the control input.
Fig.5 represents the graphical results of the desired and actual trajectory for

the rigid missile anýi rigid-body controller. The force (T) and Controller band-

width (coj were 30000 N and 3 radis. respectively. The dark black line and
dashed line represent the desired and actual trajectory, respectively.. The control

angle (6) is shown In Fig.6 and Figures 7-8 present the base positions (XY 'O) in

large motion.
After presenting results for the rigid missile with rigid-body controller, the

dynamic behavior of the flexible missile with rigid-body controller will be studied

next. The force (T) and controller bandwidth (ow) again were 30000 N and 3

radis, respectively. Fig.9 shows the desired and actual trajectory. The control

angle Is presented tn Fig.10. After 0.1 sec, the missile Initially needs a control
angle which is less than 10 degrees. The effects of small motion can be seen on
control angle clearly. The base deflection and slope are shown in Figures 11-12.

There is no small motion effects on flexible missile between 0-0.1 sec because of

zero control angle and ao force components. After 0.1 sec, the small motions are
excited and have an amplitude of 10-'. Figures 13-14 present the base positions

of the flexible missile in large motion. The large motion behaves lUke the rigid-
body motion, which implies that the coupling effect between the large motion and

small motion is small. TI& dynamic behavior of the flexible missile is dominant

by the large motion in thi& case sinei the bandwidth of the controller is low and
small motion is not significantly excited.
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Two ki.ds of tests were performed to further the study of the dynamic be-

havior of the flexible missile.

The first test was to study dynamics due to the increase of the control system

bandwidth (cow). The desired and actual trajectory of the flexible missile with

rigid-body controller without saturation on the control angle is presented in

Fig.15. The force (T) is still 30000 N while the controller bandwidth (wo) is in-

creased to 300 rad/s. As the controller bandwidth is increased, the gap between

controller bandwidth avd system natural frequency is smaller. The system will

be unstable at controller bandwidths close to the system fundamental frequency

which can be as high as 270 ridis in this case. Note that the fundamental fre-

quency of the simple beam with free-free boundary conditions was calculated as

w,,1 =209.2053 rad/s, and the missile's fundamental frequency will be increased

due to the couplin& between large and small motion. The control dyramics in-

terfere with the structural dynamics. The higher control frequency with the

bandwidth of 300 racdis significantly excites the small motion of the structure.

The graphs of control angle and the small motions and large motions of the rmis-

sile base (Figures 16-17-i8-19-20) show the unstable state.

The bandwidth of the controller must be set much lower than the funda-

mental frequency of the missile in order to use the rigid-body control. This implies

that the pitch-angle response speed, which is determined by the control band-

width is limited. To keep the response speed, the missile structure must be de-

signed sufficiently rigid to possess a high fundamental frequency. On the other

hand, the missile payload will affect the natural frequency of the missile structure

with the heavier the payload, the lower the fundamental frequency of the missile.

Therefore, the payload must oe limited to achieve high-speed control response.
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Fig.21 presents the desired and actual trajectory of the flexible missile using

rigid-body con troler with a saturation (+/-10 Degrees) on the control angle. The

force (T) and controller bandwidth (coa,) are 30000 N and 200 rad/s, respectively.

A better trajectory tracking is obtoined, however the actual trajectory is oscillat-

ing about the desired trajectory which is mainly due to the switching of the con-

trol angle between the saturation lines. Fig.22 shows the control angle, and

Figures 23-24 show the small motion displacement and slope of the base of the

flexible missile, it was observed that the switching of the control angle between

+/-10 degrees causes increased excitation of small motions. Figures 25-26 pre-

sents the position of missile base in large motion where the large motion is no

longer dominated by the rigid-body motion.

The second test was to study the dynamics of the flexible missile due to an

increase of the missile speed. T7 increase the speed of the missile, the thrust force

was increased. Fig.27 presents the actual and desired trajectory of flexible mis-

sile. The force was 60000 N and controler bandwidth was 3 rad/s. As seen from

Fig.27, the pitch-angle response is determined directly from the baodwidth of the

cootrollcr. The increased missile speed does not change the pattern of the pitch-

angle response. The control angle 9f the flexible missile is shown in Fig.2?. The

control angle is affected by the increased speed. When the speed is increased, the

control angle gets smaller because a smaller control angle generates a sufficient

correction to the pitch angle. The increased missile speed has little effect on small

motions (Figures 29-30). Figures 31-32 show the large motions.
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V. SUMMARY

A. CONCLUSIONS

-/ The development and computer simulation is presented for a bending flexible

missile with a riGid-body controller system moving in a 2-D coordinate frame. In

this research, the dynamic modelfhas beer developed through the Equivalent
I jh s2esearh,

Rigid Link System' u4tilizmg Lagrangian dynamics to obtain a type of system

equations of motion suited for, Sequential litegrationri.-ethod that integrates

large motion explicitly and small motion implicitly. The spatial finite elernent

discretization of missile structure and the application of trunceted natural modal

responses provide an approximate solution.

The analysis and simulation were performed to undersiand the dynamic be-

havior of a flexible missile using a rigid-body controller. It was found that the

controller bandwidth must be much lower than the fundamental frequency of the

missile in order to use the rigid-body controller. The payload will affect thc ria.

turan frequency of the missile structure i.e, when the payload is incicased, the

system fundamental frequency will be decreased. The payload must then be rim-

;tcd to achieve high-speed response. In order to increase the payload and main-

train high-speed control response, a flexible-body controller is needed.

B. RECCMMENDATIONS

Areas which remain to be investigated include

l.Add the payload and aerodynamic effects to the model.

"..Design and study the dynamic behavior of a flexible missile with a

flexible-body controlier in 2-D motion.

3.buiid a flexible rnssile in a laboratory scale and obtain experimental ata.

4.Deslga and -imulate a control system for flexible missiles in 3-D motion.

4/
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APPENDIX A. DERIVATION OF THE MODE SHAPE RESPONSE_

MATRIX FOR THE FLEXIBLE MISSiLE

In this study, the natural mode shape functions of a beam are used to repre-

sent tie flexural motion of the flexible missile. Only the first two mode shapes are

used. The flexible missile is modeled as a continuous Euler-Bernoulli frcc-free

beam, neg!ecting shear deformation and rotary inertia effects.

The bar (Fig.33) has system parameters:

fxxt) -

xx
dx-

_ _ __ L ----.

Figure 33. The Bar in Flexujre

y(x,t) -Transverse d;splacemeat at any point x and time t

f(.,t) -Transverse force per unit length

m(x) .- The mass p•r unit length

.. (x) - Flexural rigidity

E Young's modulus of elasticity

1(x) -The cross-sectional area moment of incrtia

Q(xt) - Snaring force

M(x,t) -Bending nooment
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Fig.34 shows the free body diagram corresponding to a bar element of length

dx.

f(x,t) dx

dx

1M(x,t)Q(x, ) _M(xt)+. . dx

y (x, t) x

Figure 34. Free Body Diagram Corresponding to a Bar Element

The force balance of the free body is

[Q(x,t) + OQ(x,t) - t) +Ax,t)dx = m(x)dc &ay(xt) (A - 1)

The moment equation of motion about the axis normal to x and y, ignoring

the inertia torque associated with rotation,
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aM(Xt) Q(.x,t)dxd
I(xt) + 8m(x,t) dx] - M(x,t) + [Q(x,t) + dx]dxax ax

2

Canceling appropriate terms, ignoring terms involving second order terms in

dx and combining Eqs. (A-I) and (A-2),

82 M(x,t) a2y(x,t)
2 ±flx,t) = M(x,t) (A - 3)

ax2 
at2

Eq. (A-3) relates the bending moment M(x,t), transverse force f(x,t) and

bending displacement y(x,t).

The relation between the bending moment and the bending deformation is

a2y(x,t)
M(x,t) = EI(x,t) - 2 (A - 4)ax2

Inserting Eq. (A-3) into Eq. (A-4), we obtain the differential equation for the

flexural vibration of a bar,

a2 ( ly(xt) a,(_Xt)
2 (EI x) ) +Jfx,t) = M(x,t) Y•(A - 5)

The bending moment and shearing force of the free ends (x 0, x = L) are

zero.

El(x) Y(xt) Ix=O 0 El(x) O2 [x=. = 0 (A - 6)
Ox a2 (x-x)

O.•[lx )2Y't [E• x a,(x,t)

Eqs. (A-6) and (A-7) are called natural boundary conditions.
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Considering the free vibration characterized by f(x,t) 0, using separation of

variables method and simplifying Eq. (A-5),

d-'2 [El(x) dx2 x 2m(x) Y(x) (A - 8)

ax d

Simplifying the Eq. (A-8), for EI(x) =constant

d4 Y(x) 4y(X) = 0 (A - 9)
dx 4

w -I? 4 (x)=O( 9

where #4 - (x)
EI(x)

The boundary conditions require that,

At x = 0 (base)

d2 Y(x)

dx
2

d3 Y(x)
o3 Ix= 0  (A - 10)

At x = L (.ip)

d 2 r(x)
dx-2 lx=L = 0

d3 Y(x)
dx) Ix=L = 0  (A - 11)

The general solution of Eq. (A-9),

Y(x) = CI sin(flx) + C2 cos(fix) + C 3 sinh(fix) + C4 cosh(flx) (A - 12)

Taking the derivatives of Eq. (A-12), and substuting boundary conditions,

53



Y(x) = CI( sin fix + sinh fix) + C2( cos fix + cosh fix) (A - 13)

Solving Eq. (A-13) yields,

cos fiL cosh flL = 1 (14 - 14)

The first five consecutive roots of this equation are;

fil = 0.0

f12 = 4.712388

fl3 = 7.853981

f4 = 10.995574
fl3 = 14.i137166

Eq. (A-13) is now written in the following form,

Yr(x) = C( Cos ,rx + cosh fx) + ( sin #rx + sinh fP.x) r= 1,2 (A - 15)

where:

c, sin flfrL - sinh f&rL (A-16)
- Cos f#rL + cosh frI

The transverse displacement v(x) and slope 4)(x) can be represented in the

following forms respectively,

2

v(x) = ! aYr(x) (A - 17)
r=1

( (x)-=- all (A - 18)ax

v(x) = a1(C1(cos #ix + cosh fix) + (sin #Ix + sinh flix))

+ a2(C2( cos f#2x + cosh fl2x) + (sin fl2x 4+ sinh f#2x)) (A4 - 19)

•(x) - a,-(Clfix + sinh flix) 4. fi( cos flix + cosh fllx))

+ 122 (C 2# 2 ( - sin fl2x + sinh #2,x) -r ( cos j 2 x -4 cosh f#2X)) (A - 20)
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Substituting the boundary conditions into shape function gives,

v(O) = 2a1 C1 + 2a2 C2  (A - 21)

'D(O) = 2alft? + 2a2•/ 2  (A -- 22)

The modal amplitudes a, and a2;

a, = (2--- + C- )v(0) + (D(O) (A 23)2C1  C 2E cjE

a /= V(O)2+E (0) (A - 24)

v = av(O) + bcl?(O) (A - 25)

a = r 1 Yl (x) + F3 Y2(x) (A - 26)

b = F2J,(x) + F4,Y 2(x) (A - 2"/)

-4--- (-8

2 _Ci 7

F2 = C (A - 29)

r - CIE (A-- 30)

CIE

4 I(A--31)

Ic 2 1

EC 2/2 - 2-- (A - 32)

Substituting Eqs. (A-15), (A-16), (A-26), (A-27), (A-29), (A-29)ý, (A-30),

(A-31), (A-32) into Eq. (A-25) yields an expression for the transverse displace-
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ment of a flexible missil. as a function of the missile base nodal (dsplacements,

v(0) and D(O),

v(x,t) = [/I(C 1 ( cos f 1x + cosh flIx) + ( sin ,31x + sinh flx))

+ F3(C2( cos '12x + cosh #2A) + (sin fl2x + sinh f12 x))]v(O)

+i- [F2(Cl( cos /11x 4 cosh fllx) + (sin #lx + sinh #lx))

4- F4(C2 ( ce) fl2x 4- cosh / 2x) + (sin fi2x + sinh # 2x))]4(0) (A - 33)

This expression is differentiated twice to obtain v"(x), which is necessary for

the calcula,.ion of the potential energy due to dcformation and theoretical strain,

v"(x,t) = (Jl(C.!f•( -- cos f1lx + cosh j3j) +/13( - sin f3/x + sinh fllx))

+ F3(C2//( - cos / 2 x + cosh #2) + #2( - sin _2x + sinh /32x)))v(O)

+ (2(C 1 f/J( - cos ljIx + cesh /#) + p2( - sin f//x + sinh Pj1x))

+ F4(C2fl• - cos f92x + cosh #:2) ± , -/( sin fl2x + sinh fl2x)))P(0) (A - 35)

Now ',ubst.itution of ,(x) into the 3x1 def2ormation vector, d , yields the 3x2
shape iun :tion matrix, •, and the 2xl nodal displacement vector, U,

d K • (A -- 36)

The :,hape function matrix is now in a form convenient for computer coding.
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APPENDIX B. DERIVATION OF THE EQUATIONS OF MOTION FOR

THE FLEXIBLE MISSILE

The ERLS is used to separate the flexible missile's motion into a small motion

and a large motion. The large motion generalized coordinates are defined as X0,

Y0, theta (0)and the small motion generalized coordinates as U. The Lagrangian

Dynamics are very helpful in the derivation of the equations of motion of com-

plex systems. U represents a column vector which has two elements. First one is

v(0) which is the nodal displacement of the flexible missile's base and cD(O) which

is the slope cf the flexible missile's base. We can represent the vector of the gen-

eraiiZed coordinates by Eq. (B-1),

X-[ yo o 0 ]rT U-=[v(O) q)(0) ]T (B-1)

These generalized coordinates wi!l be used in the application of the Lagrange

equations to the equations of motion for both small and large motion cocrdinate

stems. The Lagrangian equations are defined in Eqs, (R-2) and (B-3).

d. [. aKE OKE + =OPE =Fj (i = 1,2,3) (B- 2)

d E (?KL ] KEu + OPEP - Fu (B - 3)

where • is a component of ý

Using ERLS we can define the global position of the base position in terms

of the local position vector (r'), a deformation vector (d). and a coordinate trans-

formation matrix (W) with Eq. (B-4),

I? = t'(r + d-) (B -- 4)
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Continuing in the development of the equations of motions, we determine the

derivative with respect to time for global positions in order to obtain the kinetic

energy expressions.

R= W( + d) + Wd (8-5)

The kinetic and potential energy expresions follow. In this development we

have seperated the large and small motion energy contributions and will present

them seperately.

KE + f-iTgdm (B-6)

P 1 JUTrTcrýd-x _•R•dn (B - 7)

Redefining d in terms of the shape matrix • (derivation of d is presented in

Appendix A ), we can rewrite Eq. (B-6) as

lE = rvd][W(r 4 4" d + [, d])dn (- 8)
2f

KE = r7T4(T( + Y.T) +U
1T [TT T- r~lF¢g+:T!I,•

+ UrOTrWOu +2UrOTWrrwj + ±TbTVTIVOw ")vdn (B- 9)

Continuing in the development of the equations of motion, we first express

the derivative of the kinetic enc rgy with respect to the time rate of change of the

large motion coordinate ý, Eq. (F--13), and then determine the time rate of change

of this expression, Eq. (B-14). Since
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X0 [1
YO ý2 ] (B-I1)

0W 1 W-OX - Partial derivative w.r.t. X

V - - aw = Partial derivative w.r.t. Y

ayV aý2

IV - a0 - w = Partial derivative w.r.t. 0

W; = Partial derivative of W w.r.t. X, Y, 0 i = 1,2,3

aK, -2 I V-T al

+2(r ir rl, b + 2rr ,j,~ T~ki a ur WOi~-••U

±2VW OIV T Ir8Q T ~ + TOT V'1 ,
a~i

+ -C--O-w,' V7 + 2 NV_' JW C, ) din (B - 11)

Putting Eq. (B-12) into Eq. (B-I) and simplifying

__j -- P- - , VJ (B- 12)

]KE =j rWW + 1;j/'4'u , l -TIT,Fy 5
aK_._ (;rfJ7 r UwW•p U ;r j•o

;w,,p + ýý T. r + r. T ., (B - 13)
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d KE

*+rTwTw + o + i;TW14T

+ iTf4f + r 'tvT,ygj T4r~~

+ r vTtgI[,j + r-T T ýT,!,+r,'¼A r Tf

+ q .O 7TO T ~tV~.~,j + ToTITw)

T'ýIVTWC (4- 14) jý,~ jl~pTl~

+ CYlVýiTq5U-)am ( 4

Finally we express the derivative of the kinetic energy with respect to the

laige motion position as 4,.

"+ rTW 4)0;jo + +TO

±~~O + iT~.~+OTii1dm (B - 5)
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d(2týL -)F--.f( W +r, ;WT41,U- + 27 ýT

-To T wWu+ rrcp I w45 +j-;wwg + 5 To T pý
-t2T• W~pO+uo [viWOU)• &nd (B -- 16)

Completing our develcpment, the expressions for the potential energy are

presented organized similary to the previous material,

'PE ---. r-T1--g dm r&TOTT-
P (r +_J- O)WVTgdm =grWgdm - Wggdm (B - '7)

The small motion equations are handled in a similar way, and are easy to

derive than large motion.

0-'--E T I(;,-I + rTWTrVwo)S( - 18)

TKE j-(OTrVrW + OTjirTprw + TrwTrWkU)dm (B- 19)

d IKE f(_rTWTW-. + orwrTO+ ± +r

(bdT;,0 + - ( Tp TWT- OTWT~,5~~T 4

+z2~TwTu ± Trwrwu + 4rWrw4L ) dm (B- 201)

d( _KE) KE = J(4 wT WrT + TrrjoT-7 --- T~ r,

ýT au
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•-20 4 0vre . Vr IVO din (B .2t)

Potential energy,

7-f._•_ = rrcd.,._-j 4)w'rdm (B -- 22)
-,7'

Wt can simplify these expressious further by 5he substution of the second

time derivative of the coordinate transformation matrix W. The contr.buticus to

the coriolis and centripetal forces re-presented by 0V,/ termed the residual accel-

erations. The contribution to the general forces is represented by WV.

3
4, IV (B- 23)

i= 1

For large motion,

I' +M w wrI r W bfiý, V) rIV (O

j=1 = 1  r

3 -3
+ 4d. g W,) W) U ±+r WT WOU + U. 0v, Tiz, 4i+V W) U

4 ITOr + U,7 W, "'j. -- 2R- e g --•gI N, )dm - Fý (B 24)

For small ipotlCn,

f(rW(3 T

j (.tTwT( Z w 1j + W,)r + ObrWr( I JVJ + WA.)4IU ± 2rqkLwaWkU

j=I
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+ 0 r WrU + U'CEU- - 0Wg(B - 251)

Collecting teixxts q'nd arranging the coefficients the two Lagrange equations

can be writteii as the equationE of motiop for the large 'ýnd small ge'1eraliz.ýd co-

ordinat~es. It is these equations which must be solved by computer sirv'llation.

code.

For thc large motion,

W~ WWr &r,+I rLTfTýTV.OW' +TfTwjy 74M

- j1WT -r i -JTW 4U~ fT~~4~~F ,~ T T- ..'IT T IT - -TTTi7" T
fjU 1yO1l' Wrr dm - f PP, W .0 WUdm - 2)U40 V7i ~Udm (B - 26)

+ iwTdm +f9T,, od

For the small motion,

36



By c.efining

ilq(ij) =Jf;TýT 'd~rr+ fTWf'r0CTd + JTokTWTVf f. ~drn

+Jf T~wTW/Wýdr (i = i,2,3) j=1,,2,3) (B - 28)

[J;TýýVTW.--dM +f TO T
'llfqn =~~T.k + T T (B .29)

f qn =(B-tqI,30)

Jl~n= TrVTOjrdM (B - 31)

G, f2 ( TfV T W ,rtm (8-32)

K, = f Of' W*r4dM + j I Tc rx (B - 33)

-frTW II"rd-i-Hf"iTW 4)Udm -2j'rlVV)d

T 1 ,j 1 7' TO 7

'g7 Tv r 11) ( Udmf -2fJ RT/tj (15)dmn

mfTTT nd+ j~TW~i4)Uan (i =1,2,3) (B -34)

F, f 4 ) T W 7~ -~ _J4) ITW- ;-dn + F~(B - 35)

Fq =FFqI Fq2 F73]'" (,R -36)

The final eq~uations of motion are written as
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"Mqq± + Mqn U Fq (B- 37)

M•+ M... 6+ G, + K, (B-38)
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APPENDIX C, DERIVATION OF THE GENERALIZED FORCES OF
THE EQUATIONS OF THE MOTION

To derive the generalized forces the principle of virtual work is used. We first
write the transformation between global coordinates and local coordinates, Eqs.

(C-1) and (C-2) respectively,

1 0 0 1i]

X Xo cos(O) sin(O) x (C-1)

kY Ysin(O) cos(O) [yJ

0 0 1x= -X 0 cos(O) - Yo sin(O) cos(O) sin(O) X (C - 2)

X0 sin(0) - Yo cos(0) - sin(O) cos(O)L 1'

From Eqs. (C-i) and (C-2) we can find x and y.

x= --X0 cos(0) - Yo sin(O) + X cos(O) + Y sin(O) (C - 3)

y = X0 sin(O) - Yo sin(O) + X sin(O) + Y cos(O) (C - 4)

Taking derivative of the Eq. (C-3) and (C-4) doing necessary substations, we

can find,

6x 6X cos(O) + 6 Y sin(O) (C - 5)

y= -bX sin(0) + 6 Y cos(0) (C - 6)

Using the virtual work principle,

6 Wk = [-Tcos(b + ¢,(O))v(O)](60 + 60(o))

+ [Tcos(6 + c1(O))]bx + [Tsin(b + 0(0))](by + 6v(0)) (C - 7)

Based on small angle assumptions,
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cos(b + 0(0)) = I (C- 8)

and

sin(b + 0(0)) -- + D(O) (C- 9)

Doing the necessary operations and substitutions,

6 If',( = (Tcos(O)-T6 sin(O)--T4(O) sln(O))65y + (Tsin(O) + T& cos(O) +

T"$(O) cos(O))6 Y + (- Tv(O))6(O) + (T6 + T4t(O))bv(O)

+ (-Tv(O)6T(O)) (C- 9)

From Eq. (C-10), one can write large motion generalized forces (F,), i.e., Eq.

(C- 11) and small motion generaliZea forces (F), i.e., equation (C-12),

-Tcos(O) - T3 sin(O) - T1)(O) sin(O)]

F=[ Tsin(0) + T6 cos(O) +T.D(O)cos(O)] (C- 11)

-. Tv(O)

,-[ (0) (C- 12)
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APPENDX D. COMPUTER SIMULATION CODE

%%%%•%%%%%%%%%%%%%%%%%%% VDEFINITIONS OF V7.IABLES %%%%%%%ii%%E%%S%%%%%%%

% aC-7 -The coefficients for the numerical integration %
% area -Cross sectional area of the missile (m**2) %
% betil -t'bdal nod• 1 %

% beta2 -4txal node 2 %
% aount -<Cnstant: that defines the element positions in vectors. %
% dtheta 'oesircd pitch angle (dgcr) %
% dthetadot=Desired angular velocity(rcs) %
% dthvta2d&t=Iusited angular acceleration(rd/s**2) %
% delta =Contiol angle (dgrs) %
% E =Young's miodlas(pascal) %
% eps!ilcn -Parameter for integration coefficient %
% fn =Small motion force coefficient matrix %
% fleixible-Cor-otant that does the flexible part on and off %
% Inn =Peformed small motion force coefficient matrix %

"fq =,large motion force rector %
% ftime =Finish timt of the integration %
% force =Fxternal force (Newton) %
% n =GyroscqpIc coefficient matrix %
% grav =Gravitationzi constarnt(m/s"*2) %
% gravvec -Gravity matrix %
% hl -Trir step used iln the integration %
% Izz -iý t of inertl? about the z-axis(m**4)
% Iota =Parafeter for integration coefficients
% kn -Stifress matrix %
% k =4Awk\rer of the colurm of the matlix %
% kpkv '-The position and valocity feedback gains %
% 1 -tkwt~er of the row of the matrix %
% lforce =Large notion force vectcr %
% -i -The lengthi of "he missile (meter) %

IM 1g -Con3tant tlm*n) %
% nn .=eforaed small motion Inertia and coupling coefficient matrix %
% mnn =Couplinj inertia c: 'f ficient matrix %
% mqq -Large motion Inertia coefficient matrix %
% ma -Coistant (rmI*area) %
I nphi -Shape function motrin %
% n'phi2 s-ecord time derivative the snape function %
% mu -Mass density of the rAssile(Yrg/m**3A %
% n -4tAmer of the integration %
% chi -Srall motion slope position %
% phidot -Small motion slope velocity %
% pjm2dot -Small motion slope acceletation %
% rigid -Constant that (k)es the controller on and off %
% rlocalf -Local position vector %

68



% q -Large itlotion generalized position vector %
% qkot -Large motionr generalized velocity vector %
% q2dot -Large notion generalized acceleration vecto:%
% stif =Stifness matrix %
% sforce -&Tall nmtion force vector
% slope -Orrajectory path sloce %
% teipfIrst--Teiporary matrix for the Simpson's rule '
% templast -Tiporary matrix for the Slpson's rule %
% teail... %
% temp6 4ezrpozary matrices for integration %
% tepp7... ..
% teplO =-Temporary matrices for large &)d small motion zoefficients %
% theta -Large motion angular posicion (pitch anglt.-dgrs) %
% thetadot-Large mn-tion angular velocity(rd/s) %
% theta2dot=Large motion angular acceleration (rd/s**2) %
% time =Sec %
% u =Small motion generalized position vector '
% udot =Small motion generalized velocity vector %
% u2dot -Small motion qeneralized acceleration vector %
% Lm -Small motion position vector '
% undot =Small motion velocity vector .

% v -=Small motion def]ection position (m) %
% 9dot =Small motion deflection velocity(mfs) %
I v2dot =Small motion deflection acceleration(mi/s**2) %
. wresid -Residual acceleration matrix %

% wdot -Time derivative of the transformation matrix %
% wksi -The -derivative of the transformation matrix with respect to the %
Slarge motion generalized coordinates %
% X =Large motion x-direction pusition(m) %
% x =Local x coo:dinate '
% xq~ot -Large motion x-dlrection velocity(m/s) '6
% x2dot =Large motion x-direction acceleration(m/s**2) %
% v -large motion y-direction position(m) %
% ydot =Large motion y-direction -eiocity(m/s) %
% y2dot -Large nmotion y-direction acceleration(m/s**2) %
% irnnl,knl, %
% kn2, fnl, %
% fn2,fn33, %
% gil,,qcl, '
% fql, fq2 -Teuporary matrices for the calculation of the coefficients %
% cl,c2,fl, '
% f2, f3, f4ý.S ape function .- w.ostants %
% m22, f22, %
% h2, U2, A, '
% B.,F, t"14, %

% temp20 -Temporary matrices for tVe controller %
% mll,in12, %
% m21,m22, %
% fll,ihl,bl-Constants for the controller %
% tolot -Time plot vector '
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%Xplot -Lirge artlon x-directcni positio'n plot vector%
%yplot -1A %ge i~t.i,tFn y-dlrection position~ plot vector%
%thetaplot=LU rqea motion angk~'JaL position plot vector
Sxdotplot -ta tge nm)t 10 x-direction vel~ority plot %rector

% ydotplot -la cge motion y-di-ection velocity plot vector
% thetakt~piot '-irge notion arquiar v-, Icc! ty plot vwector
% vpiot =-nwIl rmtion defl.ectiona posi-ion plot vector%
% phiplot -Snul mIntion slope position plot. vector%
% vdotploc~t1 11wl motion deflection veioc'-ty plot vector%
% phidotr~ot-Sa ?J. m otion slope uvelocity plot- vector

% [e~tap1'3t -Coitrol angle plot vector
Sdtrf~taplot-Oe sired trajectory angular position plot vector
%dtl etadeg, delt adeg,
%thetadeg -Anc les cotiverted frmr radfleit to degrees

LEVEL 1
% ThP' Is the co itroIlling program for f lexible nilqslle. It defines tihe
1 trariables, detemiunes the coefifcients for explicit '-ntegration and modie %

%st~air', furactiori, (aJ-I& large anrd small motion coefficient mai.. dcezý routines, %
5 large arfk z:2all ai *ion integration routines, rontrcoller ruutines, output %
% rcutines

p~ldetavIota, ePsi9lop, ft~ne, h, grav,ax,&vdot, phlcot, n, Inm, f le..ible,
COoiir, nphi, poll 2, sti. f -gravvec, riocal, )c2ciot-,y2&ot, theta2clot, v2dat, ...

phii2dotl coinstantsI,

Jm2.2, f22, h2,o)2, A,F, B, d' hea2diot, d-ihetadot, dthieta, i,

bA J-'coost ant s32&(X y, the ,,a, xdot, ydot. tIvtackt, x2cdot, y2ck~t, thteta2cdot);

I tploth xplot, yplot,
t het aplot, Xdot [ lot, ydotp Lot, t h& a.iitplot, vplIot, rAi fplot, vdo~t plot, .

phl ý:ot plot, tlt 4o oIwit.2htaý'~teadq cldg
cowsthuuts3 (it Lw~, h)

1aO, a1,a2, a3,a4, a5, a6,al)-rcr1 s oJIth
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Ici,c2, El, f2, f3, t41=nphdcon~s(1m,betai~beta2);

for time - O.0:h~ftime,
( w, wdot, wksi, wresid. I force, s force, tum, mwdotj wmatderiwvvaiant.-
thet~a,X, y, xc*, ydt, thetackot, force, phi, delta, v, vdot, phicot,,-.
wresid, wd)t, wksi, w, Iforce, s force, umi, mdot;

(mnr, nq, fq, fq2j -lrgcof (wksi, riocal, npi, un, w, iforce, wresld, ...
wbt, irnrke, gravvec, ma, lm, n. "iM, nqi, fq, "rm, tenp 1, mqnl,
teq*8, fqi, tui1 9, teilO, 1gm, cl,c2, f 1, f2, V3, f 4,betal, beta"', fq?);

if flexible='l,

(in,gn, kn, fnnJ-smnicof (irphi, w,nqnwntqq, fq,wckot,wresid,trphl2, stif, ...
9rav-.ec, sfrce, Ma, MP, i, n, fnn, 'jn, kn, ti, nnl, kni, kn2, fkul, fri2,Mf33, ...
Rrtui, rlocal,t;1,c2, El, f2, f3, t4,betal,beta2);-

(u, udot, u2dot)-intsml (aO, al, a2, a3, a4, a5,a6, a7, u,ucbot,u2dcbt, ...

(9, qiot,qc2ckt I -Z Intl rg (h, aO, a3, a6, a7, nrp, av~, fq, q,cp~ot, q2dot,..
tEiepE, u2cbt ~

IX, ytheta, xdot, ydot, thetadot,v,pbi, vdot,phiidot, x2cbt,...
y2dcbt, theta2dot, v2cfot, ph12dot I smchvar (q, qzkit, q?.ckt, u, uckt, u2clot);

if rigict~i,.
I delta, dthtetateip2OJ-rdgidcontro1(mnq, fq2, force. theta, nrqIi, ui2,rO I, m22,

dthieta, kv,,kp, tetpl4, tixxe,sa]ope, tenp2O);-
aid

(tpiot, xviot, yplot,, thetapiot, xd.otpiot, c~out,dcletaplot, dth~etaplot) J-qpiot( ...

delta, dlel taplot, ithbeta, dtl etadeg, theAt apiot, delItatkcj) ;

I ydotplot, thetadcbtplot, vplot, phiplot, vdotpior, piýildotpl ot, counitt J -=plot 2 (

count, ydot, thetadobt, v, phi, vde~t, phikt, ydotpiot, thetadktplot, vpilot, ph iplot,.

cOw~tltPctAmtl+1

if Cotint-0,
feroe-O;

eixl

If C-okwitl--O,
t I -X;
t2-y;

71



t3=kheta;
t 4=,u*±;
tSr=ydot;
t6'4thetadot;
t7-v;
tJ=phl;
t~mwkot:
t1G-phicbt;

tl2=.12cbiL;
tl=theta2ckot;
t14-v2dbt.;
tlS=ph12cbt;
t16=delta;

clear X y' theta xciot y&,t tthetadLŽ, v phl, vdkot phiclot delta
clear fnl fn2 tn33 fnn fq fql gn gnI kn knI kn2 Iforce m nrinn
clear mrm uItn inqnl m" mcni q qdkt q2dctc sforce tesipI teip2
clear teWi3 teip4 tenpS teitp6 tenpi tenp8 tesip9 u u&ot u2ckot
clear urn umnot w wdct wksi wresid countl teuplO
clear x2dot y2dot theta2dot v2dct phii2dot.
clear~ mll m12 m21 fl lit bI tenpli tenpl2 teupl3 teupofirst templast

y--t2;
theta-t3;

ydot-t5;
thetadot-t6:
v--=t7;
phli=tB;
vdcit='t9;

p;i dot-t 10;

'y2dot--tl2;
tfxeta2d~t--tI3;
1,2dot-tl14;
p t I2cbt'tl15;

I q, q&*-.cpLt, teup6, wres Id, wdot, wks i,w,
I forc af orce, Lon, umtdkt, fnn,cj1, kn, m. cowit1, mfl1,ml 2, m21, f1, h1,
bi J -4corstant32& (X, y, theta, xdck-t. ydbt, thetadot, x2cbt, y2ckt, .

theta2dot);

I u, udot, u2ckt, nvnl, k~i11, ku12, fn 1, frn2, f n3 3, oi'n, gi 1, mcfa, Ini,

teupyl~l tcnpsttent2b(,tp3,tit,w tepnct),terct'7ryrl,phiickfl);~ et) .

tm(2 dot dt [i12o.
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iplo.tl,plot2,plot3,p1ot4,plot5,plot6)iallploti (tplot,xPlOt,YP10~t, ..

thietaplot, xdotplot, ycbtplot, ttietacbtplot, dthetaplot)

vdotplot, 1 zhidot-plot, ckdtaplot)

11 This function determines constant values and initial values of the%

% variables and matrices.

fmiiction (X, y, theta, ,c~t, Ydt, thetadot, mi,betal, beta2, E, izz, force, ..-

phii,c d4-Ita,v, iota, epsilonr, 1itijiM,h, rav,wa,v&)t, phidot, n, Urn, flexible,..

count,r~ipli, nphi2, stif, gravvec, rlocn~l, x2ckt, v2dot, theta2c-)t, v2dot,..

phi2dot) - constantsl

area='0.011.3 O9 l
Itit-4;
b-0-al=4. 712398/11m,
Leta2-7 .853981/ni;

6-1ta=0;

eps--ilOIT=O. 2 5 ;

forcA--30000;
ftjine=0.4;
grav"-9.80

6 6 ;

11-0,001;
Iota--0.5;
i zz=0 .000010178;
mr-'18 6 l .05;
1- 10;

ht wtVIp/4,

X -0;

y Aý;

ujieros (3,2);
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gaVV--C--Ze~rOS (3, 1);
grai.wc (3)-ugrav;
rlocalrzer~os(3, 1):
x2clot-0,
y2dot-'O;
theta2ck*=O;
v2ckt-'O;

ph2d)t0

% This function detatrmines conmsant values and initial values of the
% variablei amnd rm~trices. 9

f unct ton In'Ž2, f22. h2, b2, A, F, S, dt2heta~dbt, ddhetadt, dthbeta, kv, .

FO; ii, epsoetn2)-axsatl

tE*hep2O=)LO;

(i. e variable an .0tic;

fdt."talO.'84; Iqckk 2 eg~r6wesdektwktw

bi,- 6, n3a(,y htxkt r~ teakt ~L ~ktbtadt



*q~zeros (3, 1);
qzkot-'zeros (3, 1);
q2dot-zerce 13, 1) ;
teipE-zerosi (3, 1) ;
wresid-zer-as (3);1
wckot--zeroe (3) ;
wks i-zeros~ (3, 9);
w=zeros (3);
1iforce-zeros (3, 1);
sforce-zeroe (2, 1);
urwszeros(2,I);
urrbt-zeroo (2, 1) 1
f mi-zeros (2, 1);
gn-zeros (2);
krv-zeros (2);
rm-~zeros (2);
count 1=0;

q (2) -Y;
q(3) -theta;
q-bt (1) -xdkt;
cbt (2) -ydck,t

q2kot (1) =x2d~t;
q2doI (2)-y2dc~t;
q~cbt (3) -theta2ckx;
mll'zeros(42) ;
ml 2-zeros (2, 1);
m2 1~zercrs (1, 2);
fil=?eros12,1);*
hl~zeros (2, 1);
bl= zeros (2, 1);

% This fun~ctioni determines axinstant values and Initial values of ttw
% vat iabies and matrices.

fUIctio (d u,uikt,u.2dt*,NUI, knl, kn2, til, tn2,tfn33,ian ,gb,U ,fcn7' ...

taiplO, tq2 I - constant sb iv, phi vtkt, Ftddkt, v2dot, ph12kot)

u-zeros (2, 1);
uotxk*-zeroe (2, 1):
iu2dt-zerns (2, 1);
mri I -zpu-rom (2);

knx2-zexos (2)1
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f nl1".ros 12,Y)~

fn~3zero4s (2,1);

-fnL:3zeros (2,
5Tq-zerom (2) ;
cjfn-7eeros(,2) e

f'q~zerog (0, 1);
"RMl-hlerm (3);
t3!PF.zervs ý2' I);

L*E"P5-z43rv*(2, 1);

t~np8-zeros q3), )

fq2--zoexo (3, 1).p
t WO5-zeros (3~;

ucbt (2) hid*;

u2ck* (2) -ph12dot;

% This functiexn dbeLerwdnes ttha initial Faloms of th'e outp~it. nm3rioes.

(un-ct.iovn (tP1l xk'VOt * )Ipk*.,
t, liet aplat., N k*Epot., ydotplot, thet ackytplot, vpI ckP, h ipl O*, vritkplot,.
pit fbtplot, thet eciq, diltaplot, dt~itaw1otmt, Wcta deg, dfacladg) I
wxxitaats3 (ttimw, 1$

tplotmera (),(ftkm,,I) 71



phldotplot-zero-, A., (ftinie/h) +1):
thteeaclegrO.
deltaplot-zer. tine/h) +1);

dthetadeg-0:
cb1tadeg-0;

% Fornulating the cmefficienLs used ini the sequential, integration ffethod.%
%

funct~ion laO, ala2, a3, a4, a5, a6,a71 ccooM (epsil~on, iuta, h)

a2=1/ (epsilon*h);

a4=iota/epsilmz-l;
a5=h/2* (a4-l);
aG=Ii* (1-iota);
a7-iota*h;

I Fornulating the coefficients usnA In the? mode shape function mattix.

function (el,c2,fi, [2,[3, f4j-wpbicon-s (lnk-,o al,1zeta2)

c2- (sin (bsta2*Im) -ainh (betaL2*lztp) / t-ar" (beta2aimn) #,mslt (bjeLa2*Im))
e-2'Abeta2-2A 1c2/cl)*beta1;
fl-li (2*ci) , (c.2*betal) / ((c12) he);
f2- (c2/ (cl~e));

f41/e;

'A Ibis fu'ctiov calcul~ates the ratrimes uidh changes with~ tbnveý



function (w. kot-, v~k~ i~wresid, 1 force, ~sforc-., two, uvmk'~t;
vve~dy1 rI.ayf 4cht tAt- X, y, .Aot, ydt t~e I'I- cbt, forcep phi, ck. ta, v1,

*Adi htt, wzemk.JrA wlc.,L, w, I forze, s tort;,:, txn,,; zrnot)

%Ccoi~tvu.tion of~ the Itransformnation xiviri, w %

w (2, 1.)=X;
w (2, 2) -cos (theta i
w (2, 3) -- :, (theta);
w (3, 1) -Y,

-% Crnwptiiation of the time cd3rivit1.ve of the transformaition matrix W4XYE %

wdct (2, 1) -xdcbt;,
wciot (2, 2) -~thetakot *sip! (theta);
wdot (2, 3) =-thietadot*cos (thieta) i
wdcot (3, 1) -ycijt;
wdokt (3, 2) --thetadot *cos Wtheta);
wd3L 1(3, 3) -th-tadot,*sl (theta);

%Ck"I'atatiod of the deri1vat.[:e of the t ramsf ormatlot) fmtrix with respect %
Sto X, Y, theta.- W(S~I%

Aks 1(2, 1) -1;

Wk-i ',3, 0) -KO ('bE~ta).;
wk3I (2, 91---cosg ithe-taj:
wks 1. (3, 9) -Agn (Oieta);

C )?ni~txation of the, the residmal acceleration matrix %~~~

wresid(2,2)-- (the~tacdt^2) ,co-s (theta);
wresid(2, 3)-(thetackot^2) *sin (theta) ;
wtesid(3,2),-R(hetakJot^'2) "sin (theta);

It CGykiutatlorj of thie Iarce wmtlim for(- mitrix

t torce (2) -'rozee* (31 cl ft..heta) *de 1.tn~oos;'Lhveta) iF4AAi .':os (thet a)
Ifocce j3)-forcev;



%Czgqvtatlon of the small notion force matrix

sforce(l)-force* (phiftcielta);
sforce (2) =vkforce;

% Cciputation of the small ;notion position vector

% Ccorputation of the small motion velocity vector%

umrbt (2) =phidot;

%This function calculates values for the large motion coefficient matrices%

fu.nction I nq, vrq, fq, fq2 I -lrxjcof (wksi, rlocal,irvri, ixn, w, Iforce,
.wres id, wcb~t, thitbt, gravvec, ma, lIi, n. mnq, m~n s f q, u~hT, te~nt7, m~ni1, -

t "iop, fql, temp9, templO, lmn,cl, c2, fl1, f 2, f 3, f 4, betal, bet a2, fq2)

%%%%%i;%%%%%%%%%%%%%%%%%%%%% %%% %%~%%%%%%%%%%%%%%%%%%%%%%%%%%%%%*%%%%A%%%%%%%%%%%%
% Creating the- coefficient maitrix for ýW

for 1=1: 3,

for J=1:3,

towp2-twkpi 0, 3* 1-) ý -*j

C'IA

SCreat~n t1 wNoeffcltintz matrix for IIU4

for i-14:3,
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f4,nr~d.,w,0, rkocal, 0,0, un, tmp,0, 0,0,0,teip8, 0ll,0,,);
end

%Creating t~he coefficient mayrix for FQ%

%Cavputation of the ETQ coefficient
for 1=1:3,

tempO=tewp' I wres id;

r VAA, 0, wresid, rlocal, 0, 0, umv, tetp, wckot, ujidot, gravvec, 0, 0, teiip9, -

tePed0,0

fq2=tpa*fql,
fq-fq2.+Iforce;

11113 ftunction~imlaculates values for smrall motion coefficient matrices. %

futnction (nri,qn, kn, fnnJ--smlcof (niphit,w,n i, fq-, wdot, hre~sid,nF~i12, ...

stif,'jravvec, sforce.,mak, imf, n, hTUI,fFInn, n, kri,Fri,turu1i, kidl,.
k112, fril, fn2,ftj33,tmui, rlocal, cl,c2,fl,f12,13, f4,bektai,.Le-ta2)

%Creating the- coeffic-tent wrnaix tll

gid-=p actrat ('ast rlInxj4, 2, 2, n, lvim, m, cl, c2, betal, L*A a2, f 1, f 2, f3, [ 4,
fitA) ,W, 0, 0, 0,C0, 0, 0, 0t,0,Q, 0,0, 0, 0, 0)

qV ~ i-na ~*unI;

% ('eatin<j the ccŽf mi i mt ix KN

1%% %~%% % %% %%I I%%%% 111%1 1 1%%% 11 % ~% %1%%I %% %80%%



M4,w, wresid, 0, 0, 0, 0,0, 0, 0,0, 0,0,0,0, 0, 0)
kj2-quadrst Castring77 1, 2, 2, ti, Thi, me,cl, c2, betal, beta2, fl, f 2, f 3, f 4,

0, 0, 0, 0,0, 0,0, 0, 0,0,0, 0, 0;0,0, nphl.2, stif);

%Creating the- coefficient niatrix EN

f nl-quackrat ('astriurgBS1, 2, 1, n, Inv, won, cl, c2, betal, bet~a2, fi1, f 2, f 3, f 4, "phi, w,
wresid, riocal.,0,0,0,0,0,0, gravvec, 0,0,0,0,0,0);

tn33=ma* Ufrl) + eforce.;
frm'4fn33--nqn& Amy (nqM) *fq;

ibTis function inplicitly ititegrates the sam~Il m~ticon equailon.0

function (u, u-iot, u2ckot J-iiitr.uinl(aO, al, a2,a3, a4,a5, a6, al?, i, dot,..

topl0 u po a3 *u2dyt;
teiPP2=al *u-a4ai*tbt fa5*u2ck-t

teiipi-.fruteip34l, 4

tump2-u;

U~tenpi;
toip.3=u0ct;

u2dot-aO*(-~i2 a*L~taA~~i3
udot-ucbt fa6Ate~pp fa 1*u2ck,,L;

'11hIS fuiflctim e-qp~lictly 3!e1tegr3es the l I'TW 'rion "I'vitior).

fuIct io" [q,f k qfrit I-irn1v4 (i, aO, aX a6, a 7,nwiii,11011'f, i kt
(12ck*, tc- ip6, u2cijt)

(f kjt= k a6 Aq2di,



IbTis function updiates the cbim ckpembcat values.

F~lnCtioll IX, Y, theta, xc-hci, ydiot, UK-adot, V, phi, wk-~LphirdoLt R2dot' ..
y2dlot, ttet~a2ckAir~. vdotb ph4i2ckt j .chvar (q, q~i*. ot~q-c ,U, ud-t, u2doLb)

y-k=q b ((2 ;
tJ e t adoL-qco (31)
x~clot'q-,ck (1);

x2dot-q2dot. (2) ;,'

tlw!a2dlbo4?ck~dt (3);
v~-ij (1) "

rpil2dot-Or-bt (2);

ST' fum~tk'o1 (--rt-rol s r~qid or flexilb.e ml ssll iý With r Iqid- hody
rcoit roller. Die conri-ol aijhŽ(ck-Ita) if) Urnitcd to 10 kqc.

f unct Ion lde-lta, dtheta, ttwi20J -rigick"it ro 11m 1, f, , tor-ro, t het~cA, ml 1, w 12, .

If (tilm, >- 0) & (tihm < 0.1"

cktl*-Atac*3t--O;

32



dtimtadot-slope;

eiri

ml 1(1, 1) "mnq(1, 1)

ral1 (2, 1) -mll(2, 1)~
mu. (2, 2) -qng4(2, 2);
trd2 U) =n (1, 3) ;
ni12 (2) =ucn 12, 3);

ni22=uqM(3, 3);

flI1 (1) -fr42 (1) ;
fl11 (2) -fq2 (2) ;
f22-fq2 (3);

hl (1) -formc*cos (theta);
hi (2) =foxce~sIiv (theta):

hl (2) -f orce~cos Mtheta);
teivpl4=1nv(m11);

A-in22-nQ1 ten~p14 4bI

cthbeta) ) -F) ;

If delta >=- 0.174532 , 110 degree
deplta0. 174532;

(7¶I
if delta -- 0.1745332,

del ta---{I. Y)45:32;
elseif (delta < 017453?) 1 (Ai'lta > ~-0.X14532),

del ta-deltz.;

i T'Lis fuyctiori calculates t!*. elemects of iit-i Ices Ilo oi-kit: lb

ftuscti4A) I tplot' xplot.. vvlu I*- thet apl ot. x( xdplot, mtv~ A- 4,It ap lot,
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tipetapict, xck~tplot, tthetaeeg, delŽta, 6aMaplor, dttyet~a, cithetackl'j~...
d~thetaplot, ce1tadeq)

thetad-g- ~18O00thete) /pt;
ctitIetack-xy" (180*dtheta) /pi;

x<plot (count) --X;

thetap.lot (count) d-thet eackm;

dmcbtaplot- (countl) ýw3~kk eq

d~th!t~aplot (cout) =thetariecg

I This fwxotion caicu~htas the e1emuent'q of imtrices for output

qpiot2 (count, yckAt, thetack., v, pbl, VvdotFAt'-p t'yCkt ýplot, '~~.~.

ydotplot (rxounL? --ydot;
t ketack~tplot, (cmunt,' -U'theLackjt.

% Tii funt:!on plots Ofe out pi,,t gr~atpb.

f l wý -4 (plot- 1, plot'2, p'L-A.3, p'Aot %,plot 5, plot 6J -al iplot: 1. ptIlot, x44(:,., ypl~i7t2,.
t. it ''1L, MAApI~it, ýiftJA ot , eA kpltckbt alt.)

plktt 1, v lot Pl(kt plot, t-3 lcAI u
p1, 1 of u -I t (t p I A y I (A) ,'1 9e5

f1 I t -,ip 1L. (k p Io~t, t~w42 Ap C ~ t p-1t, (t het~l or L, pat I, P:

j") ot. ~I *)t (t Plot, thetzb(Aý ýýl A~ p to f)



r his ftunctIon plots the c~utput g~raphs.

functinn [iplot7, plot8e plot9, plotIO, plot IlI al lplot2 (tplot vplot, phiplot,
vdotplot, phlcktplot, del-taplot)

plot7~plot (tplot,vplot) ,pause
plot8ý-plot (tplot, phiplot ),pause
plot9-p'lot (tpý-ot,vcko&plot) ,pause
plctlO -plot (tplot, phicktpl ot) ,pause
ploti]-pl~ot (tplot1 ciltaplot) ,pause

% I.EVEL 3%
% TIds ftincLkiow will integrate the coefficient; ratrio-.s of ismall and large t
% rwUt~(o o-.'er the length of the, missile usJinq Sirp~sog's integrationi riethixi. %

f~~i i.)ýxa-~ ijaditit(F, 1, k, n, Int, -m..cl, c2, btal, h xta2,.~
U1, f?, f 3, f 4,m;-,I,w., wresid, x-local, tefpl, ttvip2, tin, Levp,wvAi(*,lxrckAt,

tE~fi z.~ro (I *k);

na-eIo (1, 1

a Li

for n--1A



for p=~ 1:k,

tefipl(:,p) - tevrA:3('ýp) 4 tEripl1 :, h.*(jJ 4)p) ;

eaci

'ii,-(J.rit/:)) *(te1Ipfirst+4*tenp13 't2*terpl2+te~rplast);

% Th~s fitncttorn creates the pro'iict of iratrices for rinteqration of M21.
% COE.-fIceIC, Matrl-X.

hi' L (3, 1) -f 14 (cl os lbl ~a? Ax) I o"l(ý- x)1- i IA AX)
i h (Le'ýal Ax< ) 4f3* Wc2* (co8 (bet a2 1)0ico-sh (ixAi2ox) 1 I.

n~i n(be,2) f2A (iA (co t (Lx-- ta21Ax) Csjbtix))Iir(ItIx).--

njh et (, 1A) -f 2 11(l (con; (Letal (Ueta AXst 1( lxt I *Xta2Ax) I X-aI X

(tih lt tal *):) 14 Ail (ct2 I(os(.)(!a IX)()l

% Iits flund- lio create-9 thte, p'xkx-t. of' mat i iceq tor I nt eqtat- iwx of rWlj

Scoefficient matrix.

(13,1)I((.I"A (cvýs (i~t dl *)) f*ojt (lxet e, I x) ) 4rtll (t1*4dX t ...)



sit il (bet-31*x) )+f3* (c2* (cos (be~ta2*x) fcoshQbeta2*x) ) ..

sit) (Leta2*x) +sinh (beta2*A-);

ffp!)i (1, 2)-f2* (cl* (cos (betal*x) +cosh (betal*x)) )+.in(betal *x) +.
stir h(betax~x) )+f4'* c2* (cos (beta2*x) teosh (beta2Ax) )I...
sill (beta2*x) +siab (beta2lAx));

ri ocal1 (1) =1;
rio-c~a 1 (2) =x;

y22=r local I *tenpB*nfh+Lt~nW *ffpii I *tenp8*Anpli;

% 'Ibis funrction createa the prodict of matrices for integration of %Q
% cýx~Cffcient matrix.

fiiijrt lorj y.3,3'astri~ny33(x,cb~c2,he)ý,al,beta2, ff, f2, U, f4,rrphit,w,
l~vt--1, r~ocal, tenpi. teup2, ton, teuip, riocal, wdolt, uva~lot, qua- ,ter7

il if (hId *-Z_ 4 ) t* f (c2*` kcx bt2 x) 1c Isnh (tA:-ta2 1x) )I .

it.n (Lt2x) -x; h bta2x

Il u Ili 't it ',t eaIý kocl-- 111 t(1 O caIlX-i vW41 "I9'r~r (A-Tjn0.2~ 4i AItall U1C

t~~i'in;

!111-9 tmrKl Iri, C1([edt-e. tthe pitxlct. off nl. rirest for tilt ('AllA it. toi )f M
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riphi (3, 1=fl1* (cl* (cos (betal A x) +cosh(beta I x) ) As in Weta I Ix) 4.
ý,inh(betai~x) )+f3A(c2* (cos(beta2Ax) +coshi(beta2*x) )+..
sin (beta2*x) +s.inh (beta2 AX));

iiphl (3,2)=f2* (c1* (cos (beta P x) 4cosh (beta I x) ) 4s In (betal*x)+.
Pinh(beta1*x))+f4k (c2* (cos (beta2*x)4cosh(beta2*x) )+..
s~in (ba-ta2*x) +sinh (beta2 Ax));

Y44--rnphi *w I*wA~phi;

% Thi~s function creates the prodcVIt. of matrices for, integration of C1J %
%coefficient m-trix.

function y 5 5 -ýastrlng55(x,cl,c2,I-o-tal,t~ta2,fl,f2,f3,fl,nt~j,w,..

1:p8 teirp9 teupl.O,nstAi2, stif)

rrphi. (3, 1) =f 1* (clA (cos (beta].*x) 4-cosh (betal*x) ) +-sin (betal *x) +* .
1 rit) (betal~x))*'fJA(c2A(cos(beta2*x,+cosh(beta2*x)) I...

hi (t:eta2*x) +sinh (beta2*x) ) ;

iqI~ii(3,2) -f2* (cl* (cos (betal *x) 4cosh (betal~x)) -sin Wetal*x) f-..
i inh(lbeta1Ax)) )- f 4 (c2* (cos (Leta2Ax) 4-00shI-(beta2Ax) ) f4.
ri it(Leta2 Ax) fsinh (beta2 Ax) )

Th'is~ furiction creates the. pi outuct: o)f rrtý3trlC-_s- for Integration of jqj 4

I 1) 'fY, (cA (&-os (eAt a IA)d tlyi X~~]A) ) #,giri t W<, al r)l I .
if O *4) -0 x)) # f3' ((21(,~ (Ibct a? Ax) fcosh (be~t a,2*x) )4..

An (~.2A~ ~~I~h )eta'89



ffj1hý (3,2)-f2*(cl* (cos(betal*x)Ic0sh (beta 1*x))4Sil(be~taI*x) f ...

syiyh (VbetaI~x)) ý 4(c2* (cos (betla2*x) tcosh (beta2hx) ) +
sin (ý_xeta2*x) +sinh (beta2 *x))

y66-iivhi '*w I *wrestd*rTf~hi;

% This function creates the product of matrices for integration of I<N
% coeff icient. matrix.%

funrct ion y7'7=astring77 (x, ci,c2,betal,beta2, fl,f2, f3, f4,nuphi, w,.
wrec; id, riocal, terniU, te"V2, um, teWp, riocal., wdt iuirrk., gravvec, texnp7,
teiq8B, tecnp9, tetp1O, nV2, stlf)

rrul i i2 (3, 1) =f 1* (betatA2) * (c1* (-cos (Ietal*x) f cosh (betai*x) )
-s~in (betal*x.) +sIrih (betal~x) ) tf 3" (be-ta22) * (c2 *..
(- cog (hea2*x) 3cosh (beta2*x) ) -sin (Lbeta2*x) tsinh (beta2*x) )

nA i 2 (3,2) =f2* (betalf2) *(cl* (-cos (betal*X) 4COsh (betal *x))
-sin (beet aix) +sirh (bet al*x) ) +f4* (bet a2'^2) * (c2* ...
(--cos (beta2*x) +coskh (beta2*x) ) -sin (beta2*x) +sInh (be~ta2*x))

yT7 -ttF4421 Astif *nphi2;

% 'his functilon creat~es the product of matrices for inteqjratlon of FN %
% ro-f~tlcleiit natrix.%

wro iId, r local, tEviip, ternp2, ur, tesip, rIocaI,wyzot, uimk.ot, gravvec, tuiP1,.

tillil (3,2)- (ct2(* o (C) al~q Wcosgh Wbtal*x) ) +sin 0*eial~)I

ni:: (be:d2 *x) vslnh iheta2*lx)

0 (et I~x $ 4~(c~ cm (bta*x *us (bta'x )f



ri~ocal (2) ;

I*wI *9ravveC'.1Oiph *wl *wresid* riocal;

J

90(
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